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A shock wave in condensed matter generated by impulsive load ("shock loading") is 
considered. A self-similar solution of the problem is presented. The media are described by the 
equation-of-state of the Mie-Griineisen type. Values of the self-similarity exponent and the 
profiles of gas-dynamical variables have been calculated. The problem of generation of shock 
waves by ultra-short laser pulses is discussed. 

I. Introduction 

The basic experimental informat ion on the 
thermodynamic properties of condensed mat te r in 
the megabar pressure range has been obta ined by 
dynamic methods. These methods are based on 
measuring the parameters of matter behind a p lane 
stationary shock wave and on calculating the pres-
sure and internal energy using the laws of conserva-
tion of mass, momentum and energy [1], Along with 
traditional methods of strong shock wave genera t ion 
by means of explosives and light-gas guns the above 
methods allow investigating in detail the the rmo-
dynamic properties of a great number of substances 
under pressures of up to ~ 5 Mbar. Appl icat ion of 
powerful lasers and relativistic electron b e a m s 
makes it possible to obtain much higher pressures. 
However, in this case the experiments with plane 
stationary shock waves become rather compl ica ted , 
since the required laser energy increases rapidly 
with pressure [2], At the same t ime very compl ica t -
ed gas-dynamic numerical s imulat ions are needed 
to get thermodynamic informat ion f rom experi-
ments with variable intensity shock waves. The 
calculations are simpler for the case when the 
hydrodynamic motion of mat ter is self-similar. Of 
the corresponding solutions of hydrodynamic equa-
tions the second kind self-similar ones [3, 4] are of 
particular interest, since for them the self-similari ty 
exponent depends on the the rmodynamic proper t ies 
of a medium, and even simple measurements of the 
shock front law of motion may produce in fo rmat ion 
on the equation of state. 

Note that an example of the second kind self-
similar solution for a thermodynamical ly non-ideal 
medium is given in [5], where the problem of 

spherical shock collapse is considered. T h e self-
similarity exponent is found to depend on the 
equation of state of a med ium. 

In what follows we consider an example of self-
similar flow of condensed matter , which is interest-
ing from the experimental point of view: a mot ion 
induced by impulsive load ("shock loading") . Such 
a flow arises particularly when a short laser pulse 
acts upon the med ium [6]. The problem of "shock 
loading" has been studied in detail for the case 
when the medium is a cold ideal gas (see [3] and 
references therein). This problem will be solved for 
a medium described by the Mie-Gri ineisen equa-
tion-of-state (EOS), and the dependence of the self-
similarity exponent on the EOS paramete r s will be 
found. The technique employed allows consider-
ation of a more general EOS and may turn out 
useful for analyzing the interaction of ultra-short 
laser pulses with matter. 

II. Formulation of the Problem 

Suppose a med ium having the equat ion-of-s ta te 

p = Qer(g/Q0), (1) 

where c is the specific internal energy, r the G r ü n -
eisen coefficient and g0 the initial density, occupies 
the half-space A* > 0. For some t ime r0 the bound-
ary .v = 0 of the half-space is subjected to the 
impulsive loading with the pressure amp l i t ude pQ. 
The motion of the med ium at t imes / P r0 is to be 
determined. Such a formula t ion corresponds exactly 
to that described in [3]. The only d i f fe rence is in the 
equation of state. The quest ion of a re la t ionship of 
the quantities p0 and r0 with laser pulse parameters , 
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which is most essential for the laser m e t h o d of 
excitation of shock waves, will be considered be low 
in Section 5. 

A shock wave arises in ma t t e r as a result of 
impulsive loading. Suppose X = X(t) and D = X(t) 
are the coordinate and velocity of the shock wave 
front. Putting in the equations of hydrodynamics 

o(x, r) = Q0 G(c) , u (.v, t) = D v (C) , 

p(x, t) = q0D2 n (c), Q = x/X{t) 

and using the equation of state (1) it is easy to see 
that the variables are separa ted , provided X(t) 
= /!/*. The self-similarity exponent a should be 
determined in the process of solving the p rob l em. 
The constant A is related to the pa ramete r s of a 
"shock loading" p0 and t 0 , and its explicit f o rm is 
involved in the law of the shock wave mot ion only. 
Further it is convenient to in t roduce new var iables : 

After subsitution of these variables into the equa -
tions of gas-dynamics we obta in a set of o rd ina ry 
differential equations 

V + V(\n G)' = I, 

V V + Z ( l n G)' + Z ' = V(l - p ) + p £ , 

(p{G)(\nG)'+ {\nZ)'= -2p/V, (2) 

where 

6 In r(G) 1 

o In G a 

and the primes indicate derivat ives with respect to 
q. The boundary conditions for a strong shock 
wave, c, = 1, can be given as follows: 

F ( l ) G(\) = ß, (3) 

The value of the limiting compress ion ß is f o u n d 
from the solution of the equa t ion 

r ( ß ) ( ß - 1) = 2, (4) 

which follows directly f rom the Rank ine -Hugon io t 
relation. 

The solution of (2) should also satisfy the obv ious 
conditions 

77(c) - > 0 , G ( £ ) - > 0 for £ - > - a o . (5) 

III. Solution of Equations (2) 

The system of equations (2) with bounda ry con-
ditions (3). (5) should be integrated numerical ly . 
The parameter p is the eigenvalue of the system and 
is determined in the process of its integrat ion f rom 
the conditions of uniqueness of the solution. T h e 
latter can be formulated as a r equ i rement that the 
integral curve should pass through a certain s ingular 
point of system (2). In [3] an est imat ion of var ia t ion 
range of the exponent a is presented: 1/2 < a < 2/3 . 
It is independent of the rmodynamic proper t ies of 
the medium and holds for the case under consider-
ation. For the eigenvalue p the fol lowing inequal i ty 
follows: 1/2 < // < 1. 

Combining the first and third equat ions of system 
(2), it is easy to obtain an integral, which is usually 
called the adiabaticity integral [7]. For the EOS (1) 
it has the form 

Z(G V)2m f (G) = J = cons t , (6) 

where 

[ - I n o d i n G], 
I ( G ) 

The value of the constant J is de te rmined f r o m the 
boundary conditions (3): 

/ ( D Q g - 1 ) 

ß2 ' 

The problem is thus reduced to integrat ion of a sys-
tem of two ordinary differential equat ions. It should 
be noted that in the earlier ment ioned case of an 
ideal gas (<p = const) the problem of ob ta in ing a 
self-similar solution allows fur ther s impl i f ica t ion 
and has been finally reduced to a single o rd inary 
differential equation and quadra tures . In our case 
such a simplification is impossible and the tech-
nique of solution should be different . 

Integration of system (2) can be easily pe r fo rmed 
in the following way. Let us resolve system (2) with 
respect to the derivatives 

d In G _ A, ( 7 ) 

dc A ' d c A ' d c A 

where 

A = V{Z[\ — ip(G)]— V2), A\ = p [2 Z— V(V- £)], 

A2 = A + VA\, A3 = p(Z ~ V)A + (V2 - Z)A, . 
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The determinant A in the space of var iables 
(G, V, Z) becomes zero on the surface Z = V2 • 
[1 - <p(G)]~'. The intersections of this surface by the 
planes G = const are parabolas passing through the 
origin (Figure 1). For the solution to be un ique the 
integral curve should cross the surface A = 0 only at 
the points where the determinants At, A2, A3 are 
zero too, i.e., at singular points of system (6). 

We show that the integral curve satisfying the 
boundary conditions (3) and (5) should necessarily 
cross the surface A = 0. For this purpose we con-
sider the relative positions of the point, de te rmined 
by the boundary conditions (3), and of the non-
uniqueness parabola Z = V2 [1 — cp (G)] _ I , which is 
located in the plane G = ß. It can be seen that the 
point corresponding to the shock wave f ront is to 
the left of "its own" non-uniqueness parabola , 
provided the condition 

ß[\-(p(ß)]>2-cp(ß) 

is satisfied. Using the de terminat ion of the func t ion 
(p (G) and the Rankine-Hugoniot equat ion this in-
equality can be t ransformed to 

d 
< 1 . (8) 

dG f(G) G=ß 

Condition (8) is not a thermodynamical inequal i ty 
but many functions r which are of practical 
interest, satisfy it. In what follows we assume that 
condition (8) is fulf i l led*. 

Now we consider the asymptot ic behaviour of the 
solution at c — oo. Assuming F ( c ) ~ c, 
Z ( c ) ~ c 2 ( - c)k, G ( c ) ~ c3 ( - subst i tut ing 
this into (2) and (6) and taking into account of the 
boundary condition (5) we get 

c , = - / / , k = 2 + vl, /=1 

C2C2/+YIU2^ v- ' = - J , v=cp( 0 ) < 0 . (9) 

It is clear that at c —• — oo the integral curve is tan-
gential to the plane G = 0 and has a smaller inclina-
tion angle to the axis V than any of the pa rabo las 
Z=V2[\—(p(G)Yx. Hence, it follows that some 
part of the integral curve in the plane G = 0 is more 
shifted to the right (that is, it is located at larger 
values of V) than any of non-uniqueness pa rabo las 

* Formally, inequality (8) is connected with the condi-
tion of uniqueness of solution of (4) for the compression 
ratio in a shock wave. 

I — -OO 

Fig. 1. Projection of the integral curve on the (Z, F)-plane, 
1 integral curve; 2 - 4 parabolas of non-uniqueness in 
planes C = const; F projection of the shock wave front; 
S projection of the singular point. 

(Figure 1). Thus, on an integral curve there are 
points lying on different sides of the surface A = 0. 

Let G*, V*, Z* , c* be the values of the var iables 
at the intersection point of the integral curve with 
the surface A = 0. As we have ment ioned above, the 
point of intersection should be a singular point of 
system (7), in which all the de te rminants Ak b e c o m e 
zero. Together with condit ion A = 0 this gives two 
relations between the variables at the singular point : 

Z=V2[\-cp(G)Y\ 

Z = ±V(V- c ) , (10) 

since the determinants A2 and zl3 are l inear com-
binations of A and A\. The third independen t 
equation is given by the adiabat ic i ty integral (6). 
So, conditions (6) and (10) are not suff icient for 
determining the values of all the variables at a 
singular point, and, unlike the ordinary case of an 
ideal gas [3, 4, 8], the problem of f inding an integral 
curve is double-parametr ic: the values of the var ia-
bles G*, V*, Z* and c* at a singular point should , 
as well as the parameter //, be determined in the 
process of solving the problem. The a lgor i thm of 
the solution is as follows. Putt ing the trial values of 
// and one of the variables at the singular point (G* 
is most convenient) we calculate the values of V*, 
Z*. c* using (6) and (10). Integrating then (7) f r o m 
the singular point to the shock wave front , we 
choose a pair of values of // and G* for which the 
solution at q = 1 satisfies condi t ions (3) on the shock 
wave. 

To start the numerical calculat ion f rom the singu-
lar point, one should construct the expansion of all 
the variables into series in the vicinity of c = Q*. 
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Equations (7) in the explicit form can be wri t ten out 
as follows: 

d (In G)/dc = F, 

dV/dc = 1 - VF, 

dZ/dc=fi(c-V) + ( V 2 - Z ) F , ( 1 1 ) 

where 

r _ n 2Z-V(V-Q _ A, 

V [1 -<p(G)]Z- V2 A 

In the vicinity of the singular point we put 

V(0 = V* + k ] f J , Z(0 = Z* + k 2 n , 

In G (q) = In G* + k3 rj, rj = £ - C * . 

Substituting it into (11) we get the quad ra t i c equa -
tion for k3 

Mk2 + N k3 + Q = 0 , (12) 

where 

M = 2 - < p { G * ) - G * [ ^ G - [ l - v C C * ) ] - 1 , 

A, ^ + 2 2/.i + 1) 
V* ' V*2[l -<p(G*)] ' 

In the cases considered below the solut ion of the 
problem corresponds to the greater roo j of (12). 

IV. Discussion of the results 

Consider as an example the equa t ion of state (1) 
with the Grüneisen coefficient in the fol lowing fo rm 

2 I 2 \ G2 +1 

( U > 

where F0 and Gm are the paramete rs which are 
usually determined f rom the exper iment . E q u a t i o n 
(1) with the function F (G) de te rmined by (13) 
provides a proper qual i ta t ive descr ipt ion of the 
thermal component of the pressure in meta ls in a 
wide range of pressures and has correct asymptot ics 
at G -> 0 and G -* oo. T h e pa ramete r F0 is the 
Grüneisen coefficient under normal condi t ions . It 
equals 1.78 for iron, 2.02 for copper and 2.19 for 
aluminium. The parameter Gm lies in the range 
between 0.5 and 0.8. T h e exper iments with shock 

11 

waves generated by "impulsive load" make it pos-
sible in principle to elucidate the value of Gm by 
comparing the experimental value of y. with those 
calculated for different values of Gm. 

The results of solving the problem using the 
approach described in the previous Section are 
presented in a table and in Figures 2 — 4. T h e value 
of the exponent a for an ideal gas with F = 2/3 , ob-
tained by the above method, is also given in the 
table. The variation of the values of a ob ta ined for 
different values of F0 and Gm is ra ther not iceable if 
account is taken that all the range of the p a r a m e t e r 
a variation is 0.17. 

The calculations show that variat ion of the EOS 
affects essentially the profiles of hydrodynamica l 
variables, the value of the limiting compress ion and 
the singular point parameters. Fig. 2 shows the inte-

Fig. 2. Integral curves in the ZV-plane. 1 EOS (1), (13); 
rp = 2.19; Gm — 0.8; 2 EOS (1), (13); r 0 = 1 . 7 8 ; Gm = 0.8; 
3 ideal gas; f = 2/3 = const. 

Gm = 0.8; 2 r0 = 1.78, Gm = 0.8; 3 F = 2 /3 = const. 
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P 

-1 0 n 
Fig. 4. Normalized velocity (4a) and pressure (4 b) as 
functions of c. 1 ro = 2.19, c m = 0.8: 2 r = 2/3 = const. 

Table 

A) Gm 1 ß G* 

1.78 0.50 0.6304 2.722 0.356 0.196 
0.65 0.6288 2.617 0.346 0.170 
0.80 0.6273 2.506 0.335 0.148 

2.02 0.50 0.6321 2.525 0.392 0.214 
0.65 0.6305 2.420 0.381 0.189 
0.80 0.6289 2.312 0.371 0.168 

2.19 0.50 0.6331 2.402 0.415 0.223 
0.65 0.6312 2.299 0.404 0.199 
0.80 0.6311 2.197 0.401 0.180 

r=2/3 = const 0.6108 4.000 0.103 -0.161 

gral curves in the plane (Z, V). For an ideal gas at 
all values of c the pressure drops with decreasing q 
more slowly than the density, and the value of 
Z ~ p/g increases thus monotonously with V. Fo r a 
medium with equation of state (1) in the vicinity of 
the shock wave front an opposi te si tuation is ob-
served: the pressure drops faster than the density. 

But at q of the order of - 3 -r — 5 or less the med ium, 
as is shown by calculation, becomes sufficiently 
" ideal" and the value of Z begins to grow slowly. 
Figures 3 and 4 show the dependences of the density, 
velocity and pressure of some substance on the vari-
able Q. All the quanti t ies given are d ivided by their 
values at the shock wave front. T h e density prof i les 
for the equation of state (1) (curves 1,2) d i f f e r 
noticeably from the profile for an ideal gas (curve 3). 
The profiles of velocity (Fig. 4 a) and pressure 
(Fig. 4 b ) are less sensitive to var ia t ion of EOS. 

V. On excitation of shock waves 
by ultra-short laser pulses 

Now we consider how the pa rame te r s p0 and r 0 , 
determining the shock wave amp l i t ude for the 
"impulsive load", are related to the parameters of 
the laser pulse. Suppose the absorbed laser energy 
(per a unit area) is Q, and the dura t ion of the laser 
pulse T is much shorter than all the o ther character-
istic times of the problem (the corresponding in-
equality will be given below)*. T h e absorbed radia-
tion energy is transferred to electrons. The ions for 
the t ime of the order of the relaxat ion t ime r e j 
remain cold, and hydrodynamical mot ion does not 
contribute to the energy transfer. Energy is trans-
ferred inside cold matter by electron heat conduc-
tivity. Due to strong tempera ture dependence of the 
heat conductivity coefficient this process is a kind 
of a thermal wave with a sharp f ront and a prac-
tically rectangular spatial t empera tu re profile. A 
simple estimation (see, for instance, [9]) shows that 
hydrodynamical per turbat ions reach the thermal 
front for a t ime of the order of 

rH ~ A3/4 Z _ 3 / 2 Qu2 . 

Here A is the mass number of the substance and Z 
the ion charge, the t ime being measured in pico-
seconds, Q in J / c m 2 ; the ion n u m b e r density is 
assumed to equal 6 • 1022 c m - 3 . At the t imes exceed-
ing rH the expansion of the substance into vacuum 
becomes essential, and the pressure in a pe r tu rbed 
substance decreases rapidly. It is clear that rH in the 

* Everywhere below Q means the absorbed laser energy. 
The problem of the mechanisms of absorption and the 
fraction of the energy absorbed are beyond the framework 
of the present paper. 
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case of laser shock wave generat ion plays the role of 
the loading time r0 . The pressure a m p l i t u d e (in 
Mbars) is of the order of magni tude 

pH ~ Z 4 / 3 A~,/6 Q,/3. 

This value plays the role of p0. Fo r the condi t ion of 
"shock loading" to be fulfi l led, the dura t ion of the 
laser pulse should be much shorter than r H . 

In the experiments under discussion pressures of 
the order of 10 Mbars can be obta ined when the 

value of Q is about several J /cm 2 . The pulse du ra -
tion in this case should be less than ~ 10 psec. T h e 
total laser energy required for such an exper iment 
does not exceed 100 Joules. 
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