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A shock wave in condensed matter generated by impulsive load (“shock loading”) is
considered. A self-similar solution of the problem is presented. The media are described by the
equation-of-state of the Mie-Griineisen type. Values of the self-similarity exponent and the
profiles of gas-dynamical variables have been calculated. The problem of generation of shock

waves by ultra-short laser pulses is discussed.

L. Introduction

The basic experimental information on the
thermodynamic properties of condensed matter in
the megabar pressure range has been obtained by
dynamic methods. These methods are based on
measuring the parameters of matter behind a plane
stationary shock wave and on calculating the pres-
sure and internal energy using the laws of conserva-
tion of mass, momentum and energy [1]. Along with
traditional methods of strong shock wave generation
by means of explosives and light-gas guns the above
methods allow investigating in detail the thermo-
dynamic properties of a great number of substances
under pressures of up to ~ 5 Mbar. Application of
powerful lasers and relativistic electron beams
makes it possible to obtain much higher pressures.
However, in this case the experiments with plane
stationary shock waves become rather complicated,
since the required laser energy increases rapidly
with pressure [2]. At the same time very complicat-
ed gas-dynamic numerical simulations are needed
to get thermodynamic information from experi-
ments with variable intensity shock waves. The
calculations are simpler for the case when the
hydrodynamic motion of matter is self-similar. Of
the corresponding solutions of hydrodynamic equa-
tions the second kind self-similar ones [3, 4] are of
particular interest, since for them the self-similarity
exponent depends on the thermodynamic properties
of a medium, and even simple measurements of the
shock front law of motion may produce information
on the equation of state.

Note that an example of the second kind self-
similar solution for a thermodynamically non-ideal
medium is given in [5], where the problem of

spherical shock collapse is considered. The self-
similarity exponent is found to depend on the
equation of state of a medium.

In what follows we consider an example of self-
similar flow of condensed matter, which is interest-
ing from the experimental point of view: a motion
induced by impulsive load (“shock loading”). Such
a flow arises particularly when a short laser pulse
acts upon the medium [6]. The problem of “shock
loading” has been studied in detail for the case
when the medium is a cold ideal gas (see [3] and
references therein). This problem will be solved for
a medium described by the Mie-Griineisen equa-
tion-of-state (EOS), and the dependence of the self-
similarity exponent on the EOS parameters will be
found. The technique employed allows consider-
ation of a more general EOS and may turn out
useful for analyzing the interaction of ultra-short
laser pulses with matter.

II. Formulation of the Problem

Suppose a medium having the equation-of-state

p=o0¢el(0/00), (1)

where ¢ is the specific internal energy, /" the Griin-
eisen coefficient and g, the initial density, occupies
the half-space x > 0. For some time 7, the bound-
ary x=0 of the half-space is subjected to the
impulsive loading with the pressure amplitude py.
The motion of the medium at times 7 > 7, is to be
determined. Such a formulation corresponds exactly
to that described in [3]. The only difference is in the
equation of state. The question of a relationship of
the quantities p, and 7o with laser pulse parameters,
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which is most essential for the laser method of
excitation of shock waves, will be considered below
in Section 5.

A shock wave arises in matter as a result of
impulsive loading. Suppose X = X (7) and D = X (1)
are the coordinate and velocity of the shock wave
front. Putting in the equations of hydrodynamics

o(x,n) =0y G(&), u(x,n)=Drv (&),

p(x, 1)y =0y D* 11 (%),

and using the equation of state (1) it is easy to see
that the variables are separated, provided X(¢)
=Ar*. The self-similarity exponent a should be
determined in the process of solving the problem.
The constant A is related to the parameters of a
“shock loading™ p, and 7y, and its explicit form is
involved in the law of the shock wave motion only.
Further it is convenient to introduce new variables:

V@) =<¢-v(), Z(=1(/G(Q).

After subsitution of these variables into the equa-
tions of gas-dynamics we obtain a set of ordinary
differential equations

E=x/X(1)

V' +V(InGy =1,

VV+Z(nGY +Z =V(1 —p)+pu &,

p(G)(InGY +(InZ) =—2u/V, (2)
where
__ _omhr@ _1_
9(G)=-T(0) ame  “T 1

and the primes indicate derivatives with respect to
¢ The boundary conditions for a strong shock
wave, ¢ = 1, can be given as follows:

M=, Gay=8 ZMH="—1
B ’ g

The value of the limiting compression £ is found
from the solution of the equation

rpp-1n=2, 4)

3

which follows directly from the Rankine-Hugoniot
relation.

The solution of (2) should also satisfy the obvious
conditions

@) -0, GE -0 for ¢ > —oo. (5)
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II1. Solution of Equations (2)

The system of equations (2) with boundary con-
ditions (3), (5) should be integrated numerically.
The parameter 4 is the eigenvalue of the system and
is determined in the process of its integration from
the conditions of uniqueness of the solution. The
latter can be formulated as a requirement that the
integral curve should pass through a certain singular
point of system (2). In [3] an estimation of variation
range of the exponent x is presented: 1/2 < o < 2/3.
It is independent of thermodynamic properties of
the medium and holds for the case under consider-
ation. For the eigenvalue u the following inequality
follows: 1/2 < < 1.

Combining the first and third equations of system
(2), it is easy to obtain an integral, which is usually
called the adiabaticity integral [7]. For the EOS (1)
it has the form

Z(GV)?* £(G) =J = const , (6)
where
F(G)=

G exp[— | ' (G)dInG].

The value of the constant J is determined from the
boundary conditions (3):

PRIy
B-

The problem is thus reduced to integration of a sys-
tem of two ordinary differential equations. It should
be noted that in the earlier mentioned case of an
ideal gas (¢ = const) the problem of obtaining a
self-similar solution allows further simplification
and has been finally reduced to a single ordinary
differential equation and quadratures. In our case
such a simplification is impossible and the tech-
nique of solution should be different.

Integration of system (2) can be easily performed
in the following way. Let us resolve system (2) with
respect to the derivatives

dinG _4, d&_45 dZ_4
dé A7 d¢ a4’ dE 4

(D

where
A=V{Z[1-p(G))-VH, 4,=pu2Z-V(V-2)],
dy=A+VA), d3=pu(E=V)d+ V*=2)4,.
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The determinant 4 in the space of variables
(G.V.Z) becomes zero on the surface Z=V?2-
[1— ¢ (G)]"". The intersections of this surface by the
planes G = const are parabolas passing through the
origin (Figure 1). For the solution to be unique the
integral curve should cross the surface 4 = 0 only at
the points where the determinants 4,, 4,, 45 are
zero too, 1.e., at singular points of system (6).

We show that the integral curve satisfying the
boundary conditions (3) and (5) should necessarily
cross the surface 4 =0. For this purpose we con-
sider the relative positions of the point, determined
by the boundary conditions (3), and of the non-
uniqueness parabola Z=V?[1—¢(G)]"!, which is
located in the plane G = f. It can be seen that the
point corresponding to the shock wave front is to
the left of *“its own” non-uniqueness parabola,
provided the condition

Pll=o(B)]>2-0()

is satisfied. Using the determination of the function
¢ (G) and the Rankine-Hugoniot equation this in-
equality can be transformed to

d [ 2 ] | @)
e <1,

dG [T (G) jg=p

Condition (8) is not a thermodynamical inequality
but many functions /" (¢), which are of practical
interest, satisfy it. In what follows we assume that
condition (8) is fulfilled *.

Now we consider the asymptotic behaviour of the
solution at ¢ — —oo. Assuming V(&) ~c¢ &,
Z(E)~c (=K, G(E) ~ce3(=&)7,  substituting
this into (2) and (6) and taking into account of the
boundary condition (5) we get
k=2+vl, I=1+u"",

v=9p(0)<0. )

L =—H,

e C%;l+l'/12;l v—-l = J ,

It is clear that at { — — oo the integral curve is tan-
gential to the plane G =0 and has a smaller inclina-
tion angle to the axis V' than any of the parabolas
Z=V*1-¢(G)]"". Hence, it follows that some
part of the integral curve in the plane G = 0 is more
shifted to the right (that is, it is located at larger
values of V) than any of non-uniqueness parabolas

_* Formally, inequality (8) is connected with the condi-
tion of uniqueness of solution of (4) for the compression
ratio in a shock wave.
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v

Fig. 1. Projection of the integral curve on the (Z, V)-plane,
| integral curve; 2—4 parabolas of non-uniqueness in
planes G = const; F projection of the shock wave front;
S projection of the singular point.

(Figure 1). Thus, on an integral curve there are
points lying on different sides of the surface 4 = 0.
Let G*, V*, Z*, &* be the values of the variables
at the intersection point of the integral curve with
the surface 4 = 0. As we have mentioned above, the
point of intersection should be a singular point of
system (7), in which all the determinants 4, become
zero. Together with condition 4 =0 this gives two
relations between the variables at the singular point:

Z=Vl-9(@G)]",
=3V(V-9), (10)

since the determinants 4, and 4; are linear com-
binations of 4 and 4,. The third independent
equation is given by the adiabaticity integral (6).
So, conditions (6) and (10) are not sufficient for
determining the values of all the variables at a
singular point, and, unlike the ordinary case of an
ideal gas [3, 4. 8], the problem of finding an integral
curve is double-parametric: the values of the varia-
bles G*, V*, Z* and ¢* at a singular point should,
as well as the parameter u, be determined in the
process of solving the problem. The algorithm of
the solution is as follows. Putting the trial values of
u and one of the variables at the singular point (G*
is most convenient) we calculate the values of V*,
Z*, &* using (6) and (10). Integrating then (7) from
the singular point to the shock wave front, we
choose a pair of values of 4 and G* for which the
solution at & = 1 satisfies conditions (3) on the shock
wave.

To start the numerical calculation from the singu-
lar point, one should construct the expansion of all
the variables into series in the vicinity of &= C*.
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Equations (7) in the explicit form can be written out
as follows:

d(nG)/dé=F,

dv/idé=1-VF,

dZ/dE=u(E-V)+ (V= 2)F, (11)
where

o 2Z-V(r=9
TV [1-e(G)]Z-V?

A

Y|

In the vicinity of the singular point we put
Viey=V*+kin, Z@E=Z*+kn,
InGE)=InG*+kyn, n=¢&—<E*.

Substituting it into (11) we get the quadratic equa-
tion for k3

M3+ Nk;+Q=0, (12)
where
M=2—w(G*)—G*(ﬂ) = (GM]!
dG G:G. ’
5
N e u+2’ 0- 2u Qu+1) .
p* V¥ [1— ¢ (G*)]

In the cases considered below the solution of the
problem corresponds to the greater roog of (12).

IV. Discussion of the results

Consider as an example the equation of state (1)
with the Griineisen coefficient in the following form

2 2} @I+l
F(G)=?+ 1*0—? 'W‘G, (13)

where Iy and G,, are the parameters which are
usually determined from the experiment. Equation
(1) with the function I' (G) determined by (13)
provides a proper qualitative description of the
thermal component of the pressure in metals in a
wide range of pressures and has correct asymptotics
at G~ 0 and G — oo. The parameter Iy is the
Griineisen coefficient under normal conditions. It
equals 1.78 for iron, 2.02 for copper and 2.19 for
aluminium. The parameter G, lies in the range
between 0.5 and 0.8. The experiments with shock
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waves generated by “impulsive load”” make it pos-
sible in principle to elucidate the value of G, by
comparing the experimental value of « with those
calculated for different values of G,,,.

The results of solving the problem using the
approach described in the previous Section are
presented in a table and in Figures 2—4. The value
of the exponent « for an ideal gas with I" = 2/3, ob-
tained by the above method, is also given in the
table. The variation of the values of « obtained for
different values of I'y and G,, is rather noticeable if
account is taken that all the range of the parameter
o variation is 0.17.

The calculations show that variation of the EOS
affects essentially the profiles of hydrodynamical
variables, the value of the limiting compression and
the singular point parameters. Fig. 2 shows the inte-

2 4
0 f ; Ty
Fig. 2. Integral curves in the ZV-plane. 1 EOS (1), (13);

I'y=219; G,=08; 2 EOS (1), (13); I'y=1.78; G, =0.8;
3 1deal gas; I = 2/3 = const.

-1 0 13
Fig. 3. Normalized density as a function of &. 1 I'y=2.19,
G,=08,2I,=1.78,G,,=0.8;3 ' =2/3 = const.
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———_-—_‘/ 1
A 0 il
Fig. 4. Normalized velocity (4a) and pressure (4b) as
functionsof &. 1775=2.19,G,, = 0.8, 2 I' = 2/3 = const.

Table

Iy G, 2 B G* c*

1.78 0.50 0.6304 2.722 0.356 0.196
0.65 0.6288 2.617 0.346 0.170
0.80 0.6273 2.506 0.335 0.148

2.02 0.50 0.6321 2.525 0.392 0.214
0.65 0.6305 2.420 0.381 0.189
0.80 0.6289 2.312 0.371 0.168

2.19 0.50 0.6331 2.402 0.415 0.223
0.65 0.6312 2.299 0.404 0.199
0.80 0.6311 2.197 0.401 0.180

I'=2/3=const 0.6108 4.000 0.103 —0.161

gral curves in the plane (Z, V). For an ideal gas at
all values of ¢ the pressure drops with decreasing ¢
more slowly than the density, and the value of
Z ~ p/o increases thus monotonously with V. For a
medium with equation of state (1) in the vicinity of
the shock wave front an opposite situation is ob-
served: the pressure drops faster than the density.
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But at & of the order of —3 +— — 5 or less the medium,
as is shown by calculation, becomes sufficiently
“ideal” and the value of Z begins to grow slowly.
Figures 3 and 4 show the dependences of the density,
velocity and pressure of some substance on the vari-
able ¢. All the quantities given are divided by their
values at the shock wave front. The density profiles
for the equation of state (1) (curves 1,2) differ
noticeably from the profile for an ideal gas (curve 3).
The profiles of velocity (Fig.4a) and pressure
(Fig. 4b) are less sensitive to variation of EOS.

V. On excitation of shock waves
by ultra-short laser pulses

Now we consider how the parameters p, and 7,
determining the shock wave amplitude for the
“impulsive load”, are related to the parameters of
the laser pulse. Suppose the absorbed laser energy
(per a unit area) is Q, and the duration of the laser
pulse 7 is much shorter than all the other character-
istic times of the problem (the corresponding in-
equality will be given below) *. The absorbed radia-
tion energy is transferred to electrons. The ions for
the time of the order of the relaxation time t;
remain cold, and hydrodynamical motion does not
contribute to the energy transfer. Energy is trans-
ferred inside cold matter by electron heat conduc-
tivity. Due to strong temperature dependence of the
heat conductivity coefficient this process is a kind
of a thermal wave with a sharp front and a prac-
tically rectangular spatial temperature profile. A
simple estimation (see, for instance, [9]) shows that
hydrodynamical perturbations reach the thermal
front for a time of the order of

Ty~ A3/4 Z—3/2 QI/Z .

Here A is the mass number of the substance and Z
the ion charge, the time being measured in pico-
seconds, Q in J/cm?; the ion number density is
assumed to equal 6 - 1022 cm™3. At the times exceed-
ing 7y the expansion of the substance into vacuum
becomes essential, and the pressure in a perturbed
substance decreases rapidly. It is clear that 7y in the

* Everywhere below Q means the absorbed laser energy.
The problem of the mechanisms of absorption and the
fraction of the energy absorbed are beyond the framework
of the present paper.
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case of laser shock wave generation plays the role of
the loading time 75. The pressure amplitude (in
Mbars) is of the order of magnitude

Pu~Z¥3A4"16 QI

This value plays the role of p,. For the condition of
“shock loading” to be fulfilled, the duration of the
laser pulse should be much shorter than 7.

In the experiments under discussion pressures of
the order of 10 Mbars can be obtained when the
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value of Q is about several J/cm?. The pulse dura-
tion in this case should be less than ~ 10 psec. The
total laser energy required for such an experiment
does not exceed 100 Joules.
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